A (k; n)-arc in the projective Hjelmslev plane PHG(R 3 R ) is deÿned as a set of k points in the plane such that some n but no n + 1 of them are collinear. In this paper, we consider the problem of ÿnding the largest possible size of a (k; n)-arc in PHG(R 3 R ). We present general upper bounds on the size of arcs in the projective Hjelmslev planes over chain rings R with |R| = q 2 ; R=rad R ∼ = Fq. We summarize the known values and bounds on the cardinalities of (k; n)-arcs in the chain rings with |R|625 (|R| = q 2 ; R=rad R ∼ = Fq).
Introduction
Let R be a chain ring and let R 3 R be the right free module of rank 3 over R. Denote by P the set all free rank 1 submodules of R 3 R and by L the set of all free rank 2 submodules of R 3 R . The incidence structure (P; L; I) with incidence relation I ⊂ P×L given by set-theoretical inclusion is called the right projective Hjelmslev plane over R and is denoted by PHG(R 3 R ). In this paper, we consider the problem of ÿnding the largest size of a (k; n)-arc in PHG(R 3 R ) for chain rings R with |R| = q 2 ; R=rad R ∼ = F q . The interest in this problem comes from coding theory. Multisets of points in projective Hjelmslev geometries are equivalent to fat linear codes over ÿnite chain rings, i.e. codes for which the entries in no coordinate position are contained in a proper ideal of the ring. Thus, the optimal arc problem in a projective Hjelmslev geometry is equivalent to determining the minimal length of a (left) linear code over R of ÿxed rank and ÿxed minimum distance with respect to the Hamming metric [10, 13] .
Linear codes over ÿnite chain rings can be mapped into codes (not necessarily linear) over a q-ary alphabet. This leads sometimes to codes which are better than any known linear codes, the most striking example being the families of the Kerdock and Preparata codes [5, 19] .
In what follows, we present some general bounds on the size of an arc in a projective Hjelmslev plane and summarize the known constructions and bounds for arcs in the small Hjelmslev planes over the chain rings with 4, 9, 16 and 25 elements.
Basic facts
A ring (associative, with identity 1 = 0; ring homomorphisms preserving the identity) is called a left (right) chain ring if its lattice of left (right) ideals forms a chain. The most important properties of ÿnite chain rings are summarized in the following theorem [2, 17, 18] ).
Theorem 2.1. For a ÿnite ring R with radical N = 0 the following conditions are equivalent:
(i) R is a left chain ring; (ii) the principal left ideals of R form a chain; (iii) R is a local ring; and N = RÂ for any Â ∈ N \ N 2 ; (iv) R is a right chain ring.
Moreover; if R satisÿes the above conditions; then every proper left (right) ideal of R has the form N i = RÂ i = Â i R for some positive integer i.
Henceforth, the symbols R; N; Â will be as in Theorem 2.1. We restrict ourselves to chain rings with index of nilpotency m = 2. Thus we will always have |R| = q 2 , R=N ∼ = F q . The chain rings with this property have been classiÿed in [3] (cf. also [20] ). If q = p r , then there are exactly r + 1 isomorphism classes of such rings. These are:
• for every ∈ Aut(F q ) the rings R = F q ⊕ F q t of -dual numbers over F q with componentwise addition and multiplication (x 0 + x 1 t)(y 0 + y 1 t) = x 0 y 0 + (x 0 y 1 + x 1 (y 0 )) · t;
• the Galois ring GR(q 2 ; p
is monic of degree r and irreducible modulo p.
Note that the ring GR(q 2 ; p 2 ) is commutative, while R is commutative if and only if = 1. We denote the rings R id = F q ⊕ F q t by S q , the ring R = F 4 ⊕ F 4 t by T 4 with : a → a 2 and the ring GR(4 2 ;
Let R be a ÿnite (left) chain ring and consider the module H =R 3 R . Let H * :=H \HÂ. Deÿne the sets P and L by
y linearly independent} as well as an incidence relation I ⊆ P×L by set-theoretical inclusion. For the incidence structure (P; L; I) deÿne also the neighbour relation as follows: (N1) the points X; Y ∈ P are neighbours (X Y ) i there exist two di erent lines incident with both of them; (N2) the lines s; t ∈ L are neighbours (s t) i there exist two di erent points incident with both of them.
Deÿnition 1. The incidence structure = (P; L; I) with the neighbour relation is called the (right) projective Hjelmslev plane over R and is denoted by PHG(R 3 R ).
The relation is an equivalence relation on both P and L. The class [X ] of all points which are neighbours to the point X = xR consists of all free rank 1 submodules contained in xR + HÂ. Similarly, the class [s] of all lines which are neighbours to s = xR + yR consists of all free rank 2 submodules contained in xR + yR + HÂ. For a rigorous approach to general projective Hjelmslev spaces, see [14 -16,22] .
The next theorems provide some basic knowledge about the structure of projective Hjelmslev planes over ÿnite chain rings. They are part of more general results [1,4,9,14 -16,22] .
where R is a chain ring with |R| = q 2 ; R=N ∼ = F q . Then (i) |P| = |L| = q 2 (q 2 + q + 1); (ii) every point (line) has q 2 neighbours; (iii) every point (line) is incident with q(q + 1) lines (points); (iv) given a point P and a line l with PIl; there exist exactly q points on l which are neighbours to P and exactly q lines through P which are neighbours to l.
Let denote the natural homomorphism : R 3 → R 3 =R 3 Â and the mapping induced by on the submodules of R 3 . For every point X and every line l we have
Let P (resp. L ) be the set of all neighbour classes of points (resp. lines).
Theorem 2.3. The incidence structure (P ; L ; I ) with I deÿned by
is isomorphic to the projective plane PG(2; q). Let = (P; L; I) = PHG(R 3 R ). Given a point P, let L(P) be the set of all lines of L incident with points in [P] . For two lines s; t ∈ L we write s ∼ t if s and t coincide on [P] and let L 1 be a complete set of representatives of the lines from L(P).
Theorem 2.4.
Let l be a line in and
For two lines Theorem 2.5. The incidence structure (P ; L ; I | P ×L ) is isomorphic to PG(2; q).
Let the points X 1 ; X 2 ; : : : ; X s ; 26s6q, be collinear points from the same neighbour class, say [P] . Then every line incident with two of the points X i is incident with all of them. There exist exactly q such lines, say l 1 ; l 2 ; : : : ; l q , and all these lines are neighbours. The neighbour class [l] ∈ L with l i ∈ [l] is said to have the direction of the pointset {X 1 ; X 2 ; : : : ; X s }.
Arcs and blocking multisets in projective Hjelmslev planes
Let = (P; L; I) be a projective Hjelmslev plane.
The integer k(P) is called the multiplicity of the point P. The mapping k can be extended to the subsets of P by
The integer k(P) = P∈P k(P) is called the cardinality of the multiset k. The support Supp k of k is deÿned by Supp k = {P ∈ P | k(P) ¿ 0}.
Deÿnition 3. Two multisets k and k in the projective Hjelmslev planes and , respectively, are said to be equivalent if there exists an isomorphism : → such that k (P) = k ( (P)), for every P ∈ P.
for any line l ∈ L. A (k; n)-arc is said to be complete if there is no (k ; n)-arc k with k ¿ k and k (P)¿k(P) for every P ∈ P.
Arcs with k(P) ∈ {0; 1} are called projective arcs. They can be considered as sets of points by identifying them with their support. In this paper, we consider only projective arcs. We denote by m n (R 3 R ) the cardinality of the largest (k; n)-arc in PHG(R 3 R ). Similarly, we denote by m n (q) ( n (q), respectively) the largest size of a (k; n)-arc in PG(2; q) (AG(2; q), respectively).
Given a (k; n)-arc in PHG(R 3 R ), let i be the number of neighbour classes [P] with 
Remark 3.2. The numbers u i depend on the restriction of k to [P] and are generally unknown. However, we may use some simple estimates to get a more convenient form of the above bound.
(1) Fix a point Q ∈ [P] with k(Q) = 1. Let s 0 ; : : : ; s q be the lines in P through Q, arranged in such a way that s i l i . If we set b i = k(s i ∩ [P]) then 1 + b i 6u i , i = 0; : : : ; q. We have
(2) We can also use the obvious inequality u i ¿ u=q to get
Corollary 3.3.
The exact value of m n (R 3 R ) is known [9, 12] for values of n close to q 2 + q. For arcs with n = 2 we have the following bounds. (1; 1; 0) (1; 1; 2) (1; x; 0) (1; x; 2x + 2) (1; x + 1; 2) (1; x + 1; 2x + 2) (1; 0; 1) (1; 2; 1) (1; 0; x) (1; 2x + 2; x) (1; 2; x + 1) (1; 2x + 2; x + 1) (2x; 1; 3) (2x + 2; 1; 3) (0; 1; x) (2x + 2; 1; x) (0; 1; 3x + 3) (2x; 1; 3x + 3):
Unfortunately, we were unable to construct an (18,2)-arc in the plane over T 4 . The best arc we know of is a (12,2)-arc: it is easy to see that we can construct (2m 2 For the projective Hjelmslev plane over S 5 there exist (15,2)-arcs. They are easily constructed, for example, by taking the points to lie in three quintuples of collinear (in ( )) point classes meeting in an empty class.
For projective Hjelmslev planes over chain rings R containing a subring isomorphic to the residue ÿeld of R, the following result holds [6] .
Theorem 3.7. Let R be a chain ring with |R| = q 2 ; R=N ∼ = F q ; q even; which contains a subring isomorphic to the residue ÿeld F q . Then m 2 (R 3 R )6q 2 + q.
Constructions for arcs in PHG(R
In this section we give some general procedures for construction of arcs in PHG(R 3 R ). Then we get a (148,11)-arc.
Example 4.5. We can use the ( q(q 2 +q+1); q( +1))-arcs form the previous example to get some further construction. Start with such an arc and add ÿ line segments of q points (parallel to the existing ones) to a set of neighbour classes which form a (k 1 ; n 1 )-arc in ( ). Of course, + ÿ6q. Then we get an ( q(q 2 + q + 1) + ÿqk 1 ; q( + 1) + ÿn 1 )-arc. Example 4.6. We can take Supp k 0 to be the union of an oval and an external line to this oval. We allow ÿs points (resp. s points) in each of the neighbour classes which are external points (resp. internal points) to the ÿxed oval. These points are contained in ÿ parallel lines (resp. parallel lines) with s points on each line having the direction of another external line. Then we obtain an arc with parameters (( + ÿ=2 + =2)s(q + 1); min{2 + ÿ; 2 + ; s + ; ÿ + (q + 1)=2}) if q is odd and q ¿ 3, and an ( s(q + 2) + ÿs(q + 1); min{2 + ÿ; ÿ(q + 1)})-arc if q is even, q ¿ 2. Choose lines l; l 1 ; : : : ; l s , s6q for q odd and s6q + 1 for q even, to obtain an oval in the dual plane of ( ). Deÿne k by
Then k is an arc with the desired parameters.
Nonexistence results for arcs in PHG(R
In this section, we improve the general bound of Corollary 3.3 for some small values of n. From Corollary 3.3, we get the following two inequalities for the largest size of an arc with n = 3 or 4: [21] .
Counting the ags (P; [l]) in two ways, where P ∈ Supp k, [l] ∈ L and P I l ∈ [l], we get 3 3 + (q + 2) 2 + (q 2 + q + 1 − 2 − 3 )(2q + 1)¿(2q 2 + 1)(q + 1);
On the other hand, identities (1) and (2) yield 2 3 + 2 = (q 2 − q) + 0 , which together with (4) gives (q − 1)(q 2 − q)62(q − 1) 3 + (q − 1) 2 6q 2 + 2q; a contradiction to q¿4.
In case of q = 4 we can further improve on this bound. 
By (1) and (2) It is impossible to have 3 classes of type (2,2,0) and one of type (2,1,1) or two classes of type (2,2,0) and two of type (2,1,1) since then there would exist a line from [l] containing more than 6 points of Supp k.
Let A (resp. B; C) the number of neighbour classes of lines for which the possibility (i) (resp. (ii) and (iii)) occurs. We have 2,2,0) . This implies 3A = 13 + C and A¿5. There is neighbour class of points, say [P], which lies on at least three neighbour classes of lines for which (i) occurs. This is a contradiction since the type of [P] is (2,2,0) with respect to exactly two line classes. In Table 1 we summarize our knowledge about the values of m n (R 3 R ) for the chain rings R with |R| = q 2 625, R=N ∼ = F q . Table 1 Values and bounds for mn(R 3 R ) a
